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FURTHER INEQUALITIES ASSOCIATED WITH THE
CLASSICAL GAMMA FUNCTION
KWARA NANTOMAH∗1
Abstract. In this paper, we present some double inequalities involving cer-
tain ratios of the Gamma function. These results are further generalizations of
several previous results. The approach is based on the monotonicity properties
of some functions involving the the generalized Gamma functions. At the end,
we pose some open problems.
1. Introduction and Discussion
Inequalities involving the classical Euler’s Gamma function has gained the atten-
sion of researchers all over the world. Recent advances in this area include those
inequalities involving ratios of the Gamma function. In [7] - [13], the authors
presented some interesting inequalities concerning such ratios, as well as some
generalizations. By utilizing similar techniques, this paper seeks to present some
new results generalizing the results of [7] - [13]. At the end, we pose some open
problems involving the generalized psi functions. In the sequel, we recall some
basic definitions concerning the Gamma function and its generalizations. These
definitions are required in order to establish our results.
The well-known classical Gamma function, Γ(t) and the classical psi or digamma
function, ψ(t) are usually defined for t > 0 by:
Γ(t) =
∫
∞
0
e−xxt−1 dx and ψ(t) =
d
dt
ln Γ(t) =
Γ′(t)
Γ(t)
.
The p-Gamma function, Γp(t) and the p-psi function, ψp(t) are also defined for
p ∈ N and t > 0 by:
Γp(t) =
p!pt
t(t + 1) . . . (t+ p)
and ψp(t) =
d
dt
ln Γp(t) =
Γ′p(t)
Γp(t)
where Γp(t) → Γ(t) and ψp(t) → ψ(t) as p → ∞. For more information on
this function, see [6] and the references therein.
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Also, the q-Gamma function, Γq(t) and the q-psi function, ψq(t) are defined for
q ∈ (0, 1) and t > 0 by:
Γq(t) = (1− q)
1−t
∞∏
n=1
1− qn
1− qt+n
and ψq(t) =
d
dt
ln Γq(t) =
Γ′q(t)
Γq(t)
where Γq(t)→ Γ(t) and ψq(t)→ ψ(t) as q → 1
−. See also [2].
Dı´az and Pariguan [1] in 2007 further defined the k-Gamma function, Γk(t) and
the k-psi function, ψk(t) for k > 0 and t > 0 as follows:
Γk(t) =
∫
∞
0
e−
xk
k xt−1 dx and ψk(t) =
d
dt
ln Γk(t) =
Γ′k(t)
Γk(t)
where Γk(t)→ Γ(t) and ψk(t)→ ψ(t) as k → 1.
Similarly in 2005, Dı´az and Teruel [5] defined the (q, k)-Gamma and the (q, k)-psi
functions for q ∈ (0, 1), k > 0 and t > 0 by:
Γ(q,k)(t) =
(1− qk)
t
k
−1
q,k
(1− q)
t
k
−1
and ψ(q,k)(t) =
d
dt
ln Γ(q,k)(t) =
Γ′(q,k)(t)
Γ(q,k)(t)
where (t)n,k = t(t+k)(t+2k) . . . (t+(n−1)k) =
∏n−1
j=0 (t+jk) is the k-generalized
Pochhammer symbol and Γ(q,k)(t)→ Γ(t), ψ(q,k)(t)→ ψ(t) as q → 1
−, k → 1.
Furthermore in 2012, Krasniqi and Merovci [4] defined the (p, q)-Gamma and the
(p, q)-psi functions for p ∈ N , q ∈ (0, 1) and t > 0 by:
Γ(p,q)(t) =
[p]tq[p]q!
[t]q[t+ 1]q . . . [t+ p]q
and ψ(p,q)(t) =
d
dt
ln Γ(p,q)(t) =
Γ′(p,q)(t)
Γ(p,q)(t)
where [p]q =
1−qp
1−q
, and Γ(p,q)(t)→ Γ(t), ψ(p,q)(t)→ ψ(t) as p→∞, q → 1
−.
As defined above, the generalized psi functions ψp(t), ψq(t), ψk(t), ψ(p,q)(t) and
ψ(q,k)(t) possess the following series characterizations (see also [12], [13] and the
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references therein).
ψp(t) = ln p−
p∑
n=0
1
n + t
(1)
ψq(t) = − ln(1− q) + ln q
∞∑
n=1
qnt
1− qn
(2)
ψk(t) =
ln k − γ
k
−
1
t
+
∞∑
n=1
t
nk(nk + t)
(3)
ψ(p,q)(t) = ln[p]q + (ln q)
p∑
n=1
qnt
1− qn
(4)
ψ(q,k)(t) =
− ln(1− q)
k
+ (ln q)
∞∑
n=1
qnkt
1− qnk
(5)
with γ = limn→∞
(∑n
k=1
1
k
− lnn
)
= 0.577215664... denoting the Euler-Mascheroni’s
constant.
2. Results
We now present our results. Let us begin with the following Lemmas pertaining
to our results.
Lemma 2.1. Assume that λ ≥ µ > 0, p ∈ N , q ∈ (0, 1) and g(t) > 0. Then,
λ ln(1− q) + µ ln[p]q + λψq(g(t))− µψ(p,q)(g(t)) ≤ 0.
Proof. From (2) and (4) we have,
λ ln(1− q) + µ ln[p]q + λψq(g(t))− µψ(p,q)(g(t))
= (ln q)
[
λ
∞∑
n=1
qng(t)
1− qn
− µ
p∑
n=1
qng(t)
1− qn
]
≤ 0.
Lemma 2.2. Assume that λ ≥ µ > 0, q ∈ (0, 1), k ≥ 1 and g(t) > 0. Then,
λ ln(1− q)− µ
ln(1− q)
k
+ λψq(g(t))− µψ(q,k)(g(t)) ≤ 0.
Proof. From (2) and (5) we have,
λ ln(1− q)− µ
ln(1− q)
k
+ λψq(g(t))− µψ(q,k)(g(t))
= (ln q)
∞∑
n=1
[
λ
qng(t)
1− qn
− µ
qnkg(t)
1− qnk
]
≤ 0.
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Lemma 2.3. Assume that λ > 0, µ > 0, k > 0, p ∈ N , q ∈ (0, 1) and g(t) > 0.
Then,
µ ln[p]q −
λ ln k
k
+
λγ
k
+
λ
g(t)
+ λψk(g(t))− µψ(p,q)(g(t)) > 0.
Proof. From (3) and (4) we have,
µ ln[p]q −
λ ln k
k
+
λγ
k
+
λ
g(t)
+ λψk(g(t))− µψ(p,q)(g(t))
= λ
∞∑
n=1
g(t)
nk(nk + g(t))
− µ(ln q)
p∑
n=1
qng(t)
1− qn
> 0.
Lemma 2.4. Assume that λ > 0, µ > 0, q ∈ (0, 1), k > 0 and g(t) > 0. Then,
λγ
k
+
λ
g(t)
−
ln(kλ(1− q)µ)
k
+ λψk(g(t))− µψ(q,k)(g(t)) > 0.
Proof. From (3) and (5) we have,
λγ
k
+
λ
g(t)
−
ln(kλ(1− q)µ)
k
+ λψk(g(t))− µψ(q,k)(g(t))
= λ
∞∑
n=1
g(t)
nk(nk + g(t))
− µ(ln q)
∞∑
n=1
qnkg(t)
1− qnk
> 0.
Theorem 2.5. Let g(t) be a positive, increasing and differentiable function, p ∈
N and q ∈ (0, 1). Then for positive real numbers λ and µ such that λ ≥ µ, the
inequalities:
(1− q)λ(g(0)−g(x))Γq(g(0))
λ
[p]
−µ(g(0)−g(x))
q Γ(p,q)(g(0))µ
≥
Γq(g(x))
λ
Γ(p,q)(g(x))µ
≥
(1− q)λ(g(y)−g(x))Γq(g(y))
λ
[p]
−µ(g(y)−g(x))
q Γ(p,q)(g(y))µ
(6)
are valid for 0 < x < y.
Proof. Define a function G for p ∈ N and q ∈ (0, 1) by
G(t) =
(1− q)λg(t)Γq(g(t))
λ
[p]
−µg(t)
q Γ(p,q)(g(t))µ
, t ∈ (0,∞).
Let u(t) = lnG(t). Then,
u(t) = ln
(1− q)λg(t)Γq(g(t))
λ
[p]
−µg(t)
q Γ(p,q)(g(t))µ
= λg(t) ln(1− q) + µg(t) ln[p]q + λ ln Γq(g(t))− µ ln Γ(p,q)(g(t)).
Then,
u′(t) = λg′(t) ln(1− q) + µg′(t) ln[p]q + λg
′(t)ψq(g(t))− µg
′(t)ψ(p,q)(g(t))
= g′(t)
[
λ ln(1− q) + µ ln[p]q + λψq(g(t))− µψ(p,q)(g(t))
]
≤ 0
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as a consequence of Lemma 2.1. That implies u is non-increasing on t ∈ (0,∞).
Hence G = eu(t) is non-increasing and for 0 < x < y we have,
G(0) ≥ G(x) ≥ G(y)
establishing the result.
Theorem 2.6. Let g(t) be a positive, increasing and differentiable function, q ∈
(0, 1) and k ≥ 1. Then for positive real numbers λ and µ such that λ ≥ µ, the
inequalities:
(1− q)λ(g(0)−g(x))Γq(g(0))
λ
(1− q)
µ
k
(g(0)−g(x))Γ(q,k)(g(0))µ
≥
Γq(g(x))
λ
Γ(q,k)(g(x))µ
≥
(1− q)λ(g(y)−g(x))Γq(g(y))
λ
(1− q)
µ
k
(g(y)−g(x))Γ(q,k)(g(y))µ
(7)
are valid for 0 < x < y.
Proof. Define a function H for q ∈ (0, 1) and k ≥ 1 by
H(t) =
(1− q)λg(t)Γq(g(t))
λ
(1− q)
µg(t)
k Γ(q,k)(g(t))µ
, t ∈ (0,∞).
Let v(t) = lnH(t). Then,
v(t) = ln
(1− q)λg(t)Γq(g(t))
λ
(1− q)
µg(t)
k Γ(q,k)(g(t))µ
= λg(t) ln(1− q)−
µg(t)
k
ln(1− q) + λ ln Γq(g(t))− µ ln Γ(q,k)(g(t)).
Then,
v′(t) = λg′(t) ln(1− q)−
µg′(t)
k
ln(1− q) + λg′(t)ψq(g(t))− µg
′(t)ψ(q,k)(g(t))
= g′(t)
[
λ ln(1− q)− µ
ln(1− q)
k
+ λψq(g(t))− µψ(q,k)(g(t))
]
≤ 0
as a result of Lemma 2.2. That implies v is non-increasing on t ∈ (0,∞). Hence
H = ev(t) is non-increasing and for 0 < x < y we have,
H(0) ≥ H(x) ≥ H(y)
yielding the result.
Theorem 2.7. Let g(t) be a positive, increasing and differentiable function, k >
0, p ∈ N and q ∈ (0, 1). Then for positive real numbers λ and µ, the inequalities:
(g(0))λk−
λ
k
(g(0)−g(x))e
λγ
k
(g(0)−g(x))Γk(g(0))
λ
(g(x))λ[p]
−µ(g(0)−g(x))
q Γ(p,q)(g(0))µ
<
Γk(g(x))
λ
Γ(p,q)(g(x))µ
<
(g(y))λk−
λ
k
(g(y)−g(x))e
λγ
k
(g(y)−g(x))Γk(g(y))
λ
(g(x))λ[p]
−µ(g(y)−g(x))
q Γ(p,q)(g(y))µ
(8)
are valid for 0 < x < y.
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Proof. Define a function S for k > 0, p ∈ N and q ∈ (0, 1) by
S(t) =
(g(t))λk−
λg(t)
k e
λγg(t)
k Γk(g(t))
λ
[p]
−µg(t)
q Γ(p,q)(g(t))µ
, t ∈ (0,∞).
Let w(t) = lnS(t). Then,
w(t) = ln
(g(t))λk−
λg(t)
k e
λγg(t)
k Γk(g(t))
λ
[p]
−µg(t)
q Γ(p,q)(g(t))µ
= µg(t) ln[p]q −
λg(t)
k
ln k +
λγg(t)
k
+ λ ln(g(t))
+ λ ln Γk(g(t))− µ ln Γ(p,q)(g(t)).
Then,
w′(t) = µg′(t) ln[p]q −
λg′(t) ln k
k
+
λγg′(t)
k
+ λ
g′(t)
g(t)
+ λg′(t)ψk(g(t))− µg
′(t)ψ(p,q)(g(t))
= g′(t)
[
µ ln[p]q −
λ ln k
k
+
λγ
k
+
λ
g(t)
+ λψk(g(t))− µψ(p,q)(g(t))
]
> 0
as a result of Lemma 2.3. That implies w is increasing on t ∈ (0,∞). Hence
S = ew(t) is increasing and for 0 < x < y we have,
S(0) < S(x) < S(y)
completing the proof.
Theorem 2.8. Let g(t) be a positive, increasing and differentiable function, k > 0
and q ∈ (0, 1). Then for positive real numbers λ and µ, the inequalities:
(g(0))λe
λγ
k
(g(0)−g(x))Γk(g(0))
λ
(g(x))λk
λ
k
(g(0)−g(x))(1− q)
µ
k
(g(0)−g(x))Γ(q,k)(g(0))µ
<
Γk(g(x))
λ
Γ(q,k)(g(x))µ
<
(g(y))λe
λγ
k
(g(y)−g(x))Γk(g(y))
λ
(g(x))λk
λ
k
(g(y)−g(x))(1− q)
µ
k
(g(y)−g(x))Γ(q,k)(g(y))µ
(9)
are valid for 0 < x < y.
Proof. Define a function T for k > 0 and q ∈ (0, 1) by
T (t) =
(g(t))λe
λγg(t)
k Γk(g(t))
λ
k
λg(t)
k (1− q)
µg(t)
k Γ(q,k)(g(t))µ
, t ∈ (0,∞).
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Let δ(t) = lnT (t). Then,
δ(t) = ln
(g(t))λe
λγg(t)
k Γk(g(t))
λ
k
λg(t)
k (1− q)
µg(t)
k Γ(q,k)(g(t))µ
= λ ln(g(t)) +
λγg(t)
k
−
λg(t)
k
ln k −
µg(t)
k
ln(1− q)
+ λ ln Γk(g(t))− µ ln Γ(q,k)(g(t)).
Then,
δ′(t) =
λγg′(t)
k
+ λ
g′(t)
g(t)
−
g′(t) ln(kλ(1− q)µ)
k
+ λg′(t)ψk(g(t))− µg
′(t)ψ(q,k)(g(t))
= g′(t)
[
λγ
k
+
λ
g(t)
−
ln(kλ(1− q)µ)
k
+ λψk(g(t))− µψ(q,k)(g(t))
]
> 0
as a result of Lemma 2.4. That implies δ is increasing on t ∈ (0,∞). Hence
T = eδ(t) is increasing and for 0 < x < y we have,
T (0) < T (x) < T (y)
and the result follows.
3. Concluding Remarks
In particular, if we let g(t) = α+βt on the interval 0 < t < 1, then we recover the
entire results of [13]. Also, by setting g(t) = α + t and λ = µ = 1 on 0 < t < 1,
we obtain the results of [12]. The results [7] - [13] are therefore special cases of
the results of this paper.
4. Open Problems
For k > 0, p ∈ N and q ∈ (0, 1), let ψp(t), ψq(t), ψ(p,q)(t) and ψ(q,k)(t) respectively
be the p, q, (p, q) and (q, k) analogues of the classical psi function, ψ(t).
Problem 1: Under what conditions will the statements:
ln p+ ln(1− q) + ψq(t)− ψp(t) =
p∑
n=0
1
n + t
+ (ln q)
∞∑
n=1
qnt
1− qn
≤ (≥)0
be valid?
Problem 2: Under what conditions will the statements:
− ln[p]q−
ln(1− q)
k
+ψ(p,q)(t)−ψ(q,k)(t) = (ln q)
[
p∑
n=1
qnt
1− qn
−
∞∑
n=1
qnkt
1− qnk
]
≤ (≥)0
be valid?
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